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The formation-keeping control problem is addressed for the three-dimensional autonomous formation flight
of multiple aircraft. The full nonlinear kinematics model describing the relative position and orientation of the
formation flight system is used to develop the nonlinear formation-keeping controllers. To deal with the input—
output invertibility problem of the formation control system under consideration, a dual-controller approach is
presented in this study. First, the original nonlinear formation system is decomposed into two subsystems. Next,
the corresponding controller for each subsystem is developed. By invoking the nonlinear dynamic inversion-based
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to achieve an exponential convergence rate. Simulation results are provided to demonstrate the effectiveness of the
proposed approach.
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Nomenclature
C,.D,,H, = matrices resulted from the structure algorithm
D} = left or right inverse
d; = distance between actual and desired position, m
f.8h = representation of the original system or a generic
L nonlinear affine system
f.8h = representation of the subsystem I
G = Lie group
g = configuration of one rigid body in Lie group
K = design parameter of ¢;-hold controller
Lé}g(x) = kth Lie derivative of g(x) along
a vector field f(x)
M, M, Y = manifolds
N+ = aircraft number of the fleet
nj, N; = lowest- and highest-order derivative
of output y;, respectively
q; = vector of relative position with respect
to referential aircraft
R; = collision safety radius of aircraft i with respect
to its desired position, m
T,,T,, Tz = time constants, s
t = time, s
u,u = vectors of control input
Vg, V; = translational velocities of referential aircraft O
and aircraft i, m/s
v; = translational velocity limit of aircraft i, m/s
Wik = design parameters of perturbation controller
x, X = state vectors
Xiis Viis Zri = relative position of aircraft i with respect
to referential aircraft 0, m
¥,y = vectors of output
Bix = coefficients of Hurwitz polynomials
p(x) = decoupling matrix
o = vector relative degree
i, Y, 6 = relative orientation of aircraft ;i with respect
to referential aircraft O, rad
X = Lie algebra
o, wh, wt = rotational velocities of aircraft i, rad/s
c?)’i s (Z)é, c?)g = rotational velocity bounds of aircraft i, rad/s
a)?, w(z), a)g = rotational velocities of referential aircraft 0, rad/s
Subscripts
E = Earth
i = aircraft i
L = leader
P = perturbation
R = reference input
r = relative
w = wingman
Wi = wind of the ith aircraft
o = relative order
0 = referential aircraft
Superscripts
d = desired
T = transpose operator
oj = relative degree

1. Introduction

HE autonomous formation flight (AFF) of multiple aircraft has

received considerable attention during the last decade.'~> An
important reason for wider interest in the AFF is that the follower
aircraft in an appropriate fleet can achieve a significant reduction
in power demand. By applying the close AFF techniques to the
tests, NASA’s Dryden Flight Research Center has demonstrated
that the trailing aircraft could save up to 15% fuel during cruise
flight (data available online at http://www.aerospace.nasa.gov and
at http://www.dfrc.nasa.gov). Close AFF technology also can be
applied to commercial transport aircraft for typical transcontinental

routes. If so, the air traffic system capacity could be substantially
increased. It is estimated that close AFF can save $0.5 million on
fuel costs and reduce the emission of carbon dioxide and the emis-
sion of nitrous oxide compound by 10 million Ib and 0.1 million Ib
per trailing aircraft per year, respectively (data available online at
http://www.aerospace.nasa.gov and at http://www.dfrc.nasa.gov).

Although the AFF has many benefits arising from the aforemen-
tioned aspects, there are still a number of challenges to its successful
applications. Among them, formation-keeping control is a crucial
challenge. Formation-keeping control can be described as how to
keep the relative position and/or attitude of one aircraft (target air-
craft) to another aircraft (referential aircraft). “Leader—follower” is
a well-known type of formation flight by designating the referen-
tial aircraft as the leader and the target aircraft as the follower. For
such a typical formation flight the performance of formation flight is
tightly related with formation-keeping control. In Refs. 3 and 6, for
instance, it was reported that there exists an optimal separation ge-
ometry which must be maintained to tight tolerances to achieve the
maximal drag reduction from flying-in-close formation: the follower
is to be placed in the same x — y plane as the leader with a longi-
tudinal separation distance of three times leader’s wing span and a
lateral separation distance of approximately 7z /4 times leader’s wing
span. Besides close formation flight, formation-keeping control is
also crucial in developing air-to-air refueling technology. Moreover,
air force fighters can use formation-keeping control to enhance its
searching ability that is affected by its position in the fleet.”

The most current solutions toward formation-keeping control are
based on linear system theory.! ™ The traditional methods, such as
proportional-integral algorithm and linear quadratic regulator, are
usually adopted by many researchers to deal with nonlinearities in
the formation dynamics."> For example, some linearized dynamics
were assumed as follows'34:

Y == (1/ 70 J¥w + (1 7w
Vi = —(1/7v, )V + (1/ 7, ) Vi,
Y = —(1/TWL)1//L + (1/TVIL)¢’L[.

VL =—(1/'L’VL)VL+(1/TVL)VL( (D

where Yrw,, Vw,, Y., Vi, are command inputs and ¥y, Vi, ¥,
V. are related states for leader and wingman, respectively. One can
find that it is difficult to determine the response time constants Ty, ,
Tyy > Ty, » Ty, precisely, which might depend on specific aircraft
and flight condition as well as the performance of aircraft autopilot
system.

Because linear models cannot precisely reflect the nonlinearities
of autonomous formation flight, currently nonlinear control theory
has attracted a great deal of attention. Based on nonlinear control
theory, several approaches toward formation-keeping control have
been presented (for example, see Refs. 8—10). In Ref. 8, the non-
linear control problem of multiple unmanned aerial vehicles (UAVs)
in close-coupled formation flight was studied. The work in Ref. 9
presented the research on decentralized adaptive close formation
control of UAVs. The input—output invertibility and sliding mode
control for close formation flying of multiple UAVs were addressed
in Ref. 10. Without doubt, these studies have really made a go of
applying nonlinear control theory to the AFF. However, nonlinear
control theory has not been exploited to its full potential in the
problem of multiple aircraft formation flight. Reviewing the current
state, it appears that many issues in the area of nonlinear formation
flight still remain open, such as nonlinear formation keeping, output
tracking, collision avoidance, and so on.

In this study we will not use any assumed formation dynamics as
in Eq. (1). To develop a nonlinear formation-keeping control law, the
full nonlinear kinematics model describing the relative position and
orientation of the formation flight system is utilized. In comparison
to the works in Refs. 1, 3, and 4, the velocities of follower aircraft
are directly treated as the control inputs, which can serve as the com-
mand inputs to the basic aircraft flight-control system (AFCS), that
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is, aircraft inner-loop autopilot system. Thus, in the formation flight
level it is possible to derive a class of generic nonlinear control laws
that only depend on the relative kinematics. From such a point of
view, the controllers obtained for the three-dimensional autonomous
formation flight will be only kinematics dependent, which means
that no real aircraft aeronautical dynamics is needed during the de-
sign of formation-keeping control laws. The advantage is that we
do not require any detailed information on the specific aircraft in
the fleet, such as structure sizes, aerodynamics, propulsive power,
flight conditions, and so on. In other words, it is general enough to
be applied to different aircraft and would be helpful to develop a
plug-and-play module for the formation flight applications.

For this purpose we introduce a new approach to the three-
dimensional autonomous formation control problem in this paper.
This approach is composed of two controllers: one serves as a rel-
ative roll angle-hold autopilot (hereafter it is referred to ¢,; — hold
controller), and another is an output-tracking controller, which ze-
ros the errors between the actual and desired relative positions with
respect to the referential aircraft. To design the output-tracking con-
troller, the nonlinear dynamic inversion (NDI) technique and the
well-known structure algorithm are used. The ¢,; — hold controller
is achieved by taking advantage of partial state feedback and input
feedforward of the output-tracking controller. During the develop-
ment of our control scheme, we assume that all of the required
control inputs for formation flight can be supplied by the lower con-
trol system, namely, AFCS. Moreover, we consider that there are no
collisions among the participating aircraft in the fleet.

Nonlinear dynamic inversion as a practical and viable method
has been employed to many nonlinear control applications by many
scholars.''~1* However, to our knowledge the existing works in
aerospace engineering are commonly focused on the traditional
flight control problems rather than the formation flight control is-
sues. In addition, most inversion-based methods usually require that
the concerned nonlinear system has a well-defined vector relative
degree and a nonsingular decoupling matrix."?

In this study the main difficulties for the system under consid-
eration exist in the following two aspects. One is that the original
system has a singular decoupling matrix and does not have a well-
defined vector relative degree. Thus, the standard output-tracking
methods based on nonlinear dynamic inversion scheme will break
down. Another difficulty arises from the fact that the direct use of
the well-known structure algorithm, a popular method for solving
the singularity of decoupling matrix, also fails to obtain a nonlinear
dynamic inversion for the original system. The main contribution of
this paper lies in presenting a new approach to the three-dimensional
autonomous formation control by solving the aforementioned
difficulties.

This article is organized as follows. The full relative kinematics
model from Refs. 14-16 is given in Sec. II. In Sec. III the control
problem is formulated, and the existing difficulties are pointed out
in detail. The dual-controller approach and control tasks’ decompo-
sition are developed in Sec. IV. The design and analysis of output-
tracking controller with NDI are presented in Sec. V. In Sec. VI we
deal with the design and analysis of ¢; — hold controller. In Sec. VII
simulation results are provided to illustrate the performance of the
proposed approach. Some conclusions and suggestions for further
research are contained in Sec. VIIIL. For the reader’s convenience a
brief introduction to the structure algorithm is given in Appendix A.

II. Mathematical Model

Let us consider an autonomous formation of (N + 1)(N > 1) air-
craft and present the relative kinematics for the AFF system involv-
ing a referential aircraft (RA) and follower aircraft 1, ..., N, where
N is a given positive integer. The origin of coordinates frame for
the fleet is attached to the c.g. of the RA. The relative kinematics
models the relative position and orientation of the follower aircraft
i in the formation with respect to the RA.

We use Fg(og, Xg, YE, zg) to denote an inertial system, which
is attached to the Earth, and its origin o is located to one point
on ground. Here, we assume that the Earth is flat and nonrotating.
Fg is a right-handed reference system, the axis ogx is horizontal

Fig. 1 Definitions for the inertial and wind coordinates systems.

and points to North, and the axis oz yg and ogzg are horizontally
East and vertically downward, respectively. Let Fy, (0;, X;, yi, zi),
i=0,1,..., N+ 1 denote the wind reference frame. Each wind
frame is fixed to the center of gravity of the aircraft i and moves
with it. This is also a right-handed orthogonal frame system, the
axis o;x; is aligned with the velocity vector of the aircraft i, the axis
0;y; points to the right wing, and the axis o;z; points towards the
bottom of the aircraft i. Let a set of coordinate charts given by x;, y;,
z;, ¢i, Wi, 6; represent the position and orientation of the aircraft 7,
where ¢;, ¥;, 0; are Euler angles, that is, roll, yaw, and pitch angles,
respectively. The definitions for the inertial and wind coordinate
systems as well as the Euler angles are depicted in Fig. 1.

For the three-dimensional flight the configuration of an individual
aircraft can be treated as one element of the Lie group G of rigid
motions in R3, known as SE(3). Here SE stands for the special
Euclidean group. Let g, g; € G denote the configurations of the RA
and the aircraft i (i > 0) in the formation, respectively. Let g; € G
denote the relative configuration of the aircraft i with respect to
the RA. If the trajectories of both aircraft are modelled as left in-
variant vector fields on the Lie group G, the relative kinematics of
configuration is as follows'*~16:

& = &iXi — Xo&ri = &riXi — 8rigr_il)(0gri
= 8iXi — 8iAd,-1 X0 = ga[ Xi — Ady-1 x0] )

where xo, x; € G are the Lie algebra associated with the Lie group
G and Adgfl)(() =g;1)(0gri € G.

In the Euclidean group SE(3), g, and its associated Lie algebra
element are of the following forms'”:

J j

0 —w; w v
a)g 0 —a){ 0
Xj = . .
—w o 0 o0
0 0 0 0
8ri = [An Aiz]y Jj=0,i 3

with

C 1//riC eri c 1//ri Seri S¢ri ) l[/ricqbri
N ]//ric eri N 1//ri Seri S¢ri + c WriC(pri

A= g, CO:S s
0 0
CYiSOCri + SYiShi  Xii
Ai2 _ Sl/friseric‘pri - Cll’riS(pri Yri (4)
Ceric¢ri Zri
0 1

where C, S denote the cosine and sine of the related angle, re-
spectively. After substitution of Egs. (3) and (4) into Eq. (2),
we can obtain the following relative kinematics model for the
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three-dimensional AFF system!*15:

. 0 0
X = —Vo + 03 — 0,z + v;iCYCOy

Vi = —03X + 025 + Vi SYC Oy

Zq = WYX — @ Y — ;SO

i = 0} + (1/CO) [5C ¢ SO — I Sy — ) Cfrs + ) S SO
Vi = — + (1/C0:) [ 9SS0 + w) Sebs

+ 4 C i — &) CYiSOy |

b = —03C i + WHChri + @) S — Sy Q)

The sign of the second term @9 yy; of the first equation in Eq. (5)
should be positive rather than negative in Refs. 14 and 15. More-
over, the model described by Eq. (5) will be posed ill condition if
0,; = £m/2 as expected from the singularity of the roll-yaw-pitch
parameterization of SE (3). Therefore, this flight condition should
be avoided for the three-dimensional autonomous formation. In this
study we confine our attention only to a limited range of the relative
orientation for the sake of simplicity, namely, |¢;| <27, || <27,
|6:i] < 7r/2.

III. Problem Statement

Having established the full relative kinematics, in this section we
formulate the control problem for the three-dimensional formation
flight of N + 1(N > 1) aircraft as shown in Fig. 2. To facilitate
the control development, we first rearrange the nonlinear relative
kinematics of the AFF system into the following multi-input/multi-
output (MIMO) nonlinear affine control system with a drift term,
that is,

x =f(x) +gx)u, y=h( Q)

where x= (X4, Vi, Zri» P> V> 0)7 €My CR®, M, is a real
analytic manifold and defined by My := {(Xy, Vi, Zsi> Gri> Vi i)
[ — XD+ (i — 2> + (2 — 28)* < R?, |l <27, ¥ <27,
16| <7/2}. u=(v;, a)’i, a);, a)g)T is the input vector within the
admissible control set  :={(v;, o}, w}, @})|0 < v; < T;, ||| <&},
|| < @, [wh] <@L} £(x), () =g, (x). £ (x). g5(x), g, (x)] are
smooth vector fields, and h(x) = [h; (x), h2(x), h3(x), ha(x)]" is a

Fig. 2 Schematic drawing for the AFF system.

smooth vector function defined on My:
0 0
—vo + W3 Vri — WyZii
0 0
— W3 X + W1 Zr

0 (]
Wy Xri — Wy Yri

fx) =
—) sec 6, sin Yy — o) cos Yy sec Oy
—) — &) Sy tan B — WC ¥y tan Oy
— 9 cos Vi + @ sin Yy
CvyiCO; 0O 0 0
S wriceri 0 0 0
) = —sinf; O 0 0
g 0 1 S¢itanf; Cdytanby
0 0 So¢nsecti Ceyisechy
0 0 COS ¢y —sin @y
T
h(x)= (xri_xrdi’yri_ylfii’zl’i_zﬁad)ri_¢rdi) (7)
where (XZ s yif, Zfi)T and ¢fi are the desired relative position vector

and roll angle, respectively.

In this work we assume that each aircraft ; has an ideal inner-loop
controller by which the required control inputs (v;, w}, w}, w})T
can be available for the formation control level. Because we do
not require any detailed information on specific aircraft, such as
structure sizes, aerodynamics, propulsive power, flight conditions,
and so on, the controllers obtained for the AFF system will be only
kinematics dependent.

Next, let g, () =[x (1), yi(1), z:()]” and ¢ (1) = (x4, yd, z)7
denote the actual and desired relative position vector with respect
to the RA, respectively. To quantify the effectiveness of the control
objective, we define a distance d, (t) between g, (t) and qf as the
following form:

a0 = [0 = xT + [0 = 9] + [0 — =] ®)

In the following, let A, (v;, w’i, wé, wg) denote the set of the ve-
locities of the aircrafti,i =0, 1, ..., N 4+ 1. Now, we can formulate
the control problem for the AFF system under consideration in this
paper as follows:

Problem I (formation-keeping control): Consider the AFF system
of N 4+ 1(N > 1) aircraft in three-dimensional space. The formation
geometry of the follower aircraft i (i > 0) and the RA is shown as
in Fig. 2. Assume that the motion state Ay(vy, @!, @9, ®9) of the
RA is time invariant during the regulation process of the follower
aircraft i.

Given a desired, constant relative position q;i for the follower
aircraft i with respect to the RA, design a relative position-keeping
controller u for the system described by Eq. (6) such that the follower
aircrafti is forced from an initial position ¢; (0) to the desired relative
position qf as t — oo, that is,

lim d;(t) = 0 )

Remark 1: In Problem 1 it is assumed that the motion state
Ao(vo, ), 03, ®9) of the RA can be kept as constant during the
formation-keeping control of the aircraft i. Although this assump-
tion seems somewhat fastidious, it could be acceptable in the prac-
tice of autonomous formation flight, in particular, cruise formation
flight. In this case the motion of the RA can be designed to be held
as constant in each phase or flight mode of formation flying. On
the other hand, the desirable motion state Ag(vo, ®?, @9, w9) can
be flexibly designed in terms of the flight tasks when a virtual air-
craft is designated as a referential aircraft. Hence, the results of this
study will be particularly effective to the formation-keeping control
of virtual leader-based formation flight of multiple aircraft.
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Let o ={oy,...,0,} denote the vector relative degree. The
m x m decoupling matrix is defined by

px) =Ly, LT ()] Jk=1,....m (10)

m X m ’

As is known, if the relative degree o is well defined at some point
Xo on a dense open manifold, the decoupling matrix p(x) must be
nonsingular.!” With the preceding discussion we conclude that the
system of Eq. (6) possesses the following property:

Property 1 (Singularity):

1) The decoupling matrix p(x) of the nonlinear control system
(6) is singular.

2) For the system (6) there does not exist a regular static state feed-
back and alocal change of coordinate £ = ®(x) to directly transform
it into a controllable linear system from the sense of input-output
(static) feedback linearization in the state space.

Proof: Differentiating the output y of Eq. (6) once with respect to
time, one can find that all the inputs u;,i =1, ..., 4 already appear
in y. Thus, we can obtain the decoupling matrix as

CCOy 0 0 0
COSYs 0 0 0
e 0 0
0 1 S¢itan6; Co¢,tan6y

Because Rank[p(x)] =2 everywhere on the manifold My, the de-
coupling matrix is singular. Hence, a well-defined definition for the
vector relative degree o does not exist for system (6).!7 This fact
shows that there does not exist a regular (static) state feedback and
a local coordinates transformation £ = ®(x) to directly transform
system (6) into an exact linearized form via static feedback from the
viewpoint of input-output feedback linearization.'” ]

According to Property 1, the control design based on input—output
(static feedback) linearization to an exact linearized or a partial lin-
earized form will break down. As such, the ordinary output tracking
methods based on NDI, such as in Refs. 13 and 17, will fail to give
a control solution to Problem 1 because they always require that the
system must have a well-defined (vector) relative degree.

Because the relative degree is invariant under static-state feed-
back, one cannot transform the original system described by Eq. (6),
which does not have a well-defined relative degree into a new system
that does have a well-defined relative degree by means of static-state
feedback. Thus, to achieve a well-defined relative degree usually
one can choose the dynamic extension method, which is realized
by augmenting the dynamical equations with integrators added at
the input channels.'® However, some auxiliary state variables will
be introduced during the process of dynamic extension.'® As shown
in Ref. 18, the dynamic extensions for input v; and a)’i are needed
to achieve a well-defined vector relative degree. As such, one must
incorporate some dynamics relating to v; and o/ into the considered
system, and the system will be augmented by using v; and o as
two auxiliary state variables. If the objective of system design is
not restricted to derive a generic formation-keeping control law that
only depends on the relative kinematics of formation flight, then dy-
namic extension strategy is also an ideal option to solve the singular
problem of decoupling matrix.

To deal with the singularity of decoupling matrix, one alternative
approach is to utilize the nonlinear dynamic invertibility of system.'®
The advantage of using NDI is that we do not need to augment the
original system and introduce the auxiliary state variables. As such,
for the problem under consideration in this study a full kinematics-
dependent control law can be established. The basic tool for con-
structing a nonlinear dynamic inversion is the well-known structure
algorithm introduced by Hirschorn® and Singh.?!?> However, for
system (6) one can find that the structure algorithm will also fail to
yield a nonlinear dynamic inversion. To check this negative result,
one can resort to the tool package provided by Ref. 19.

To overcome the aforementioned difficulties of the system under
consideration, a dual-controller approach is proposed in this study.
In contrast to Ref. 18, this novel method does not require dynami-
cally augmenting the original system of Eq. (6).

IV. System Decomposition

Analyzing the details of Eq. (6), we find that the second control
input u, only exists in the fourth subequation and the state ¢,; is
only in the fourth output y,. Hence, we can decompose the original
system (6) into the following two subsystems.

A. Subsystem I

F=f®+g®un §=h@ (11)
where %= (X, Yi» Zri» Vi, 05)" €My C R, MO is defined by
I\7]10 = {(-xria Yris Zris Wriv 9ri)| (-Xri - xrdi)Z + (yn yn) + (Z - Zrdl)z

R, 2l <27, 105l <7 /2}. § = (31, Y2 y3)T, it = (uy, u3, us)" be-
longs to the admissible control set Q2 := {(v,, a)z, w3)|0 <v; <,
|a)2| < wz, |a)3| < w3} Obviously, the subsystem I of Eq. (11) is also
a square MIMO affine control system. In Eq. (11), f (x), g(x) are the
smooth vector fields, and h(x) =[h1(X), ho(%), h3(®)]" is a smooth
vector function defined by

— v + @iy — @)z
—ngri + w(l)zri
f(i) = ngri - w(l)yri
—a)g — a)g S tan 6 — a)?C Yy tan 6

_wgcwri + w?SWri

CyiCoy 0 0
SvCOy 0 0
g(x) = | —sinby 0 0
0 Soisect; Coysechy
0 COoS ¢y —sin ¢y
ﬁ(i) = (xri — xr‘{, Vi — y[‘.ii, Ze — zrdi)T (12)

respectively.

B. Subsystem II
The second subsystem is formulated as follows:

i = a)2 sec Oy sin ¥ — a)(f cos Yr; sec O + uy

~+ u3 sin ¢y tan 65 + u4 coS ¢y tan 6

Y4 =¢ri—¢§{ (13)

In a formation flight problem we are particularly interested in
transient effects because they are more critical to avoid possible
collisions among the participating aircraft in the fleet and obtain
the desirable performance of formation keeping or reconfiguration.
One solution to obtain the desirable transient effects is the use of
the output-tracking control scheme. For instance, we would expect
that the followers could be forced to their desired relative positions
exponentially by tracking some reference signal with an exponen-
tial convergence rate. In addition, the output tracking would also
provide some reasonable and acceptable estimations on the bounds
of separation errors during the transients of formation flying. There-
fore, we will design an output-tracking controller for the subsystem
I to follow the reference input y (¢). Correspondingly, a ¢; — hold
controller can be developed for the subsystem II such that the rela-
tive roll angle ¢,; converges to a desired relative roll angle ¢4 as time
increases. Obviously, this is a dual-controller approach to problem 1,
which will be treated in detail in the following sections.

Here, although one can prove that the subsystem I still possesses
a similar property as stated in property 1, now a nonlinear dynamic
inverse for the subsystem I can be constructed via the structure
algorithm (see the following section for the details).

V. Output-Tracking Controller

To analyze the invertibility of the subsystem I, the following
notion is first introduced into this study'®~%?:
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Definition I(Invertible): Given a smooth nonlinear affine control
system:

x=fx)+[gx),....8,®]u:=f(x)+gx)u
y= (hl(x),...,h,,(x))T = h(x) (14)

where x € M C R”, M is areal analytic manifold, y = (y1, ..., y,) €
R, u=uy,...,un) eR". f(x),g,x),...,g,(x) are smooth vec-
tor fields, and 7, (x), . .., h,(x) are smooth functions defined on an
open set of M.

1) The system (14) is invertible at xp €M if whenever
u,(t) and u,(¢) are distinct admissible (real, analytic) controls,
(G, uy, x0) £ y(-, ua, Xo).

2) The system (14) is strongly invertible at x, € M if the system
is invertible at each x € V, where V is an open neighborhood of x.

3) The system (14) is strongly invertible if there exists an open
and dense submanifold M of M such that for all x, € M the system
is strongly invertible at xj.

A. Invertibility Analysis

For the subsystem I, according to the preceding definition of in-
vertibility, we have the following proposition:

Proposition 1 : The relative order « of the subsystem I is finite, that
is, a < 0o. Thus, there exists an open dense submanifold M, C M,
such that the subsystem I is strongly invertible at X, for all X, € M,

Proof: Following the structure algorithm outlined in Appendix
A, the proof is straightforward. Here, ¢, is treated as a time-varying
variable during the following procedure.

Beginning with Eq. (11), the system 1 in the structure algorithm
has the following form:

x=fx +gxn
—vo + wg’yn - wgzri
7 =@, = —xi + &z — D} tan

3% — @)y + D7 sec Y tan O

cosyicosf; 0 O
+ 0 0 Ol|u
0 0 0

P —tan ¥ y; + y»
! sec 1;Z’ri tan eri).)l + y”ﬁ
Obviously, one gets r; = 1. M; can be constructed as
M, = {F € o] cos ¥; # 0}

Differentiating z; to obtain the system 2 as follows,

¥=f@ +g®n
+ Dy ((%, )it

in which
cosyicosf; O 0

Dy[(%,3)] = d dy dx
ds dy  ds;

where 31, ¢31,djk (j =2, 3; k=1, 2, 3) are the interim symbols and
are listed in Appendix B.

Because det{D,[(¥, )]} = sec? ¥; sec? Gri.Dgz, we can construct
submanifold M, to satisfy M, x Y! :={(%,y)|¥ €M, ye Y, =R?
with D3 # 0, thatis, y; # —vo + @3 i — 9 z;}. As such, itis shown
that the rank of D, ((x, y)) is 3, and its inverse is well-defined every-
where on the submanifold M,. Owing to r, =3 = min(m, p) =m,

the relative order « of the subsystem I is 2. According to definition
1 and theorem 2 in Ref. 22, the subsystem I is strongly invertible at
Xy for all Xy € M,,.

We note that Y1 #R®. However, Y! is characterized by the fol-
lowing condition:

. 0 0
Vi #F —Vo + 03 i — 0, Zyi

Owing to y; = —vy+ a)g Yri — a)g Zyi + v; cos Y cos By, the pre-
ceding condition yields that the input v; # 0 for all ¥ € M. Because
the speed of each participating aircraft in the fleet is always as-
sumed to be nonzero, the condition v; # 0 consequentially holds for
the formation flight case of multiple aircraft. O

Proposition 1 indicates that the subsystem I is of strong invertibil-
ity at X, for all Xy € M, = M,. Consequently, the nonlinear dynamic
inversion does exist on this submanifold. Then, in the following we
turn to the construction of NDI and design a NDI-based output-
tracking controller for the subsystem I by following the lines in
Ref. 19.

B. Construction of NDI System
Generally speaking, the application of the structure algorithm will
lead to a finite integer « and matrices H,, C,, D, such that'’

Z, =H,(X)Yo(t) = Co(¥) + Dy ()0t 15)

where Y, (f) = [_)L)T, jo .. .i(”)r 1" and D, (¥) is a p x m matrix with
rank min(m, p). For the subsystem I we have obtained o =2 and
p =m =3, which follows that D,, (¥) has a right inverse the same as
a left inverse DZ (x). Consequently, the system inverse is defined by

x=fx)+g®0, =D} (){—Cy(X) +H, (DY, (1)}  (16)

with
D, (®) = D:[(%, )]

secyisecH; O 0
D} (%) = d3, dy, dg
d3 ds, d3

Co(®) = (D5, e, 6‘31)T

1 00 0 00
H,(x)=|Hxy 0 O —tan Yy 10
H;; 0 0 secyytanf; 0 1

Yo (®) = O, Y2, ¥3, 91, F2, 53)
Zy = (31, —tan Y3 + ¥2, sec ¥y tan 01 + 3i3)"

where the interim symbols H,, Hjy, d;?k (j=2,3;k=1,2,3) are
also listed in Appendix B.

C. Tracking Control Law

Letus consider how to construct the output-tracking controller for
the AFF system based on the inverse system of Eq. (16). Because not
all of the elements in Y, actually survive multiplication by H, (¥)
in Eq. (15), we can denote H,, (x) Y, =HY. Thus, Eq. (16) can be
reassembled as the following form':

x=f(x) +g®u, a=D,(x){-C,(x)+HY} (17)

In the following, letn; and N; (j =1, 2, 3) denote the lowest- and
highest-order derivative of y; appearing in H, (x)Y, respectively.
For the subsystem I one can find thatn; =1, Ny =2,n, =2, N, =2,
n3 =2, N3 =2. Hence, we have

1 0 0 0
iI = 0 —tan 1;01‘i 1 0 N
0 secytanf; 0 1

Y = (O, 31, 92, 33)7
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There are many approaches to design a tracking controller based
on the concept of nonlinear dynamic inverse systems. In this study

a perturbation controller based on the output tracking error'® is uti-

lized. If y, (¢) denotes the reference trajectory, then the feedforward
control input will be taken as the following form:

it = D} (){—Cy (x) + H)g () + v, (8)} (18)
where v, (¢) is the perturbation controller and chosen to be

nj—1

t
Uy = .3/',0/ (Yrj — ypdt + Z Wik (f;f,? —y;-k))
0 k=0

i=1,2,3 (19

Thus, if the following polynomials are Hurwitz,

nj+1
> Buest =0, j=123
k=0
ﬂ./‘,/\v:U)j,k—lv k=l,,n/+l (20)

then the stability of the closed-loop system can be guaranteed.'

VI. ¢, — Hold Controller

In this section we deal with the design of relative roll angle-hold
controller for the subsystem II. It is ready to establish the following
result.

Proposition 2: Given a desired, constant roll angle d)ﬁ . Then, the
continuous controller of the form

0 . 0
Uy = (X, u3, its) = w, sec by sin Yy + w; cos Yy sec Oy

— U3 Sin ¢y tan B — 1y cos ¢y tan b + K ((bﬁf - ¢ri) [©2))

can stabilize the subsystem II exponentially for any initial state
X(0) € M, and |¢;(0)| < 27, that is, all of the solutions of the closed-

@, — Hold Controller

loop system described by Egs. (13) and (21) exponentially converge
to ¢¢ as t — oo, where K is a positive design parameter.

Proof: Substituting Eq. (21) into Eq. (13) yields the closed-loop
system as

b = K (¢ — ¢ri) (22)
Thus, the error dynamics takes the following form:
e+ Ke=0 (23)

where the error is defined by e:=¢,; — ¢1‘f It is evident that
Eq. (23) is exponentially stable for any initial state ¥(0) € M, and
|¢:(0)] <27, whenever K > 0. Thus, from Egs. (13) and (23), one
gets

lim yy(r) = lim [¢a(0) — g2 =0 O

Remark 2: The ¢,; — hold controller can be viewed as an assis-
tant part to the output-tracking controller. As shown in Sec. V, it is
necessary and crucial to obtain the nonlinear dynamic inversion and
design the corresponding NDI-based output-tracking controller. An-
other objective of the ¢; — hold controller is to keep the state ¢,; at
the desired value ¢4, which might be helpful to control followers in
the same plane as expected in the close-formation flight for achiev-
ing a drag reduction. In view of Eq. (21), one sees that the ¢; — hold
controller not only depends on the partial states (¢, Vi, 6yi), which
are feedbacks from the subsystems I and II, but also depends on the
feedforward control inputs (i3, u4) from the subsystem I.

The function of design parameter K is to adjust the response time
of ¢,;. The larger it is, the faster the response time will be. If we can
select an appropriate K > 0 such that the relative roll angle ¢,; tends
to ¢¢ within an acceptable short time, then it is advantageous to the
implementation of output-tracking controller.

Remark 3: From the statement of problem 1 and the two con-
trollers described by Eqs. (18) and (21), we find that there are
still many freedoms to design the desirable controllers when some

State feedback

(#.) v, =6,

4, ==l sech, siny, —of cos,
+u, +u; sing, tan @, +u, cos @, tan 6, Vs

Subsystem II output

>
>

A

u, =@ sec, siny, +af cos 6, —u,sin @,
tan @, —u, cos@, tan 8, + K(¢! —¢,) |€e——2=

A / State feedback

Subsystem I outputs
(n;-1)
Vs

| F=rm+ama

>
>

=123

NDI

~(n,-1)

Yyt os Ve

=123

Vo = ﬂ/‘.() J.(j/[g/ _yb,')dl +
0

n;-1
~(k) (k)
Zw./lk () r Y )

k=0 o~

j=L12.3

Reference inputs

Output Tracking Controller

Fig. 3 Closed-loop system under the dual-controller approach.
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practical factors (such as control input availability and response per-
formance) are taken into account. These design freedoms include
the design parameters in Egs. (19) and (21) as well as the reference
input signal. As pointed out in the section of problem statement, the
translational and angular velocities that are controlled by an inner-
loop system are used as available inputs in this study. Because these
variables can have significant dynamics that is critical to the control
problem and might not be changed rapidly, the reference input sig-
nal and all of the design parameters in Egs. (19) and (21) should be
chosen carefully according to the available performance of aircraft
inner-loop autopilot system.

Now we are in a position to show how the two controllers work to-
gether in an interactional way. To understand the application process
of the dual-controller approach as a whole, a schematic represen-
tation is depicted in Fig. 3. As illustrated in the figure, the upper
part is the ¢,; — hold controller, whereas the lower is the output-
tracking controller. First, let us closely look at the output-tracking
controller part. Based on the reference signal and current output as
well as their corresponding derivatives, the perturbation controller
v, is computed and then incorporated into the NDI block for gen-
erating a feedforward control input to the subsystem I. Notice that
the state feedbacks from both the subsystem I and II are necessary
to calculate the feedforward control input. The feedforward control
input is then applied to the real plant, that is, the formation flight
system. Second, we would like to give a brief explanation to the
¢ — hold controller part. In view of Fig. 3, the control input to the
subsystem II is synthesized by using the feedforward control input
and partial state feedbacks from the subsystem I as well as state
feedback from the subsystem II. Only partial state feedbacks, that
is, relative Euler angles, are needed to formulate the control input
to the subsystem II.

VII. Simulation Results

The simulation results are presented for a typical leader—follower
formation flight in this section. For the following simulation exam-
ple, we considered the formation consisting of one leader aircraft
and two followers.

The motion state Ag(vg, ®!, w9, w}) of the leader is set to be
(145 m/s, 0.01 rad/s, 0.01 rad/s, —0.05 rad/s). The desired relative
position vectors for the follower 1 and follower 2 are given by (—300,
—200, 100)” m and (—300, 200, 50)” m, respectively, which shows
that the follower 1 is required to fly at the lower left-behind position
of the leader, whereas the follower 2 is expected at the lower right-
behind position. Moreover, the desired relative roll angles for the
two followers, that s, ¢¢, and ¢% are chosen to be 0.0 rad. The initial
states for the follower 1 and follower 2 are (—330 m, —225m, 125 m,
0.1 rad, 0.01 rad, 0.01 rad)” and (—280 m, 180 m, 65 m, 0.05 rad,
0.05 rad, 0.02 rad)”, respectively.

To demonstrate the performance of the proposed approach, the
reference input y, is chosen to be of the following form:

Fr = (0.5a1e7™, 0,507/, 0.5aze/™)" 24)
with

a; = xq(0) — x4, a = y:(0) — yg, as = z;(0) — z4

In view of Eq. (24), one finds that each component of the ref-
erence signal y, exponentially converges to 0 as t — oco. Hence,
the followers are expected to be forced to their desired relative po-
sitions exponentially by following the reference signal y,. Such
an exponential convergence will be advantageous to the close-
formation flight and/or collision avoidance application because
it would provide some reasonable and acceptable estimations on
the bounds of separation errors during the transients of formation
flying.

The design parameters for the output-tracking controller and the
reference inputs were set to be

Bio=2, Bii =3, Bia=1
Bro =4, Ba1 =38, B2 =5, Bz =1
Bso =12, B3 = 16, Bip =1, Biz=1
T, =3.0s, T, =25s, T3 =2.0s (25)

To illustrate the effect of the design parameter K in the ¢; — hold
controller, its value for the follower 1 and 2 was picked as 10 and 5,
respectively.

Figure 4 shows the time histories of states. The control inputs are
plotted in Fig. 5. The output responses are illustrated in Figs. 6 and 7.
Figure 8 depicts the corresponding distances between the actual and
desired positions of the two followers. The relative trajectories in
three-dimensional space are also shown in Fig. 9. Although the total
simulation time is 30 s, only the initial 3-s histories of some variables
are depicted for plotting clearly, as shown in Figs. 4d, 5b-5d, 6d,
and 7d.

From Figs. 4, 6, and 7 the good stabilizing performance of
¢ —hold controller can be observed. It is seen that the conver-
gence speed of ¢, is faster than one of ¢,, because a bigger gain
parameter K was used by the follower 1. The tracking performance
of the output-tracking controller can be evaluated from Figs. 6-8.
Initially, the errors between the actual and desired outputs of the
two followers are (—15, —12.5, 12.5) m and (10, —10, 7.5) m, re-
spectively. The corresponding initial d;(0) and ¢ (0) are 46.3681
and 31.8746 m, respectively. Figures 6 and 7 show that the outputs
y;(j=1,2,3) for the two followers can pseudoexponentially con-
verge to zero by following the reference inputs y; z(j =1,2,3),
which have exponential convergence rates as stated before. From
Fig. 6 it is observed that in the transient period there are no over-
shoots for y; and y, and only small overshoots for y, =4.307 m and
y3 =2.307 m. For the follower 2 the similar results can be found
from Fig. 7, where the overshoots for y;(j =1, ...,4) in the tran-
sient period are 0 m, 2.931 m, —1.053 m, and O rad, respectively. An
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Fig. 4 Time histories of state variables.

¢) zri(m)



344 YANG, MASUKO, AND MITA
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important fact that d; () <d;(0)(j =1, 2) for ¢ € (0, 30] can be ob-
served from Fig. 8, which is particularly interesting to the collision
avoidance of formation flight.

VIII. Conclusions

Formation-keeping control is fundamental and crucial to the au-
tonomous formation flight of multiple aircraft. This technology has
many potential applications, such as close formation flight and aerial
refueling. Hence, this paper dealt with the formation-keeping control
problem for the three-dimensional autonomous formation flight of
multiple aircraft. The full nonlinear kinematics model describing the
relative position and orientation of the formation flight system has
been used to develop the nonlinear formation-keeping controllers.

For the AFF system considered in this study, the main difficulties
are as follows:

1) The original system has a singular decoupling matrix and does
not have a well-defined vector relative degree; therefore, the tradi-
tional NDI-based output tracking methods will break down.

2) The direct use of the well-known structure algorithm, a popular
method for solving the singularity problem of decoupling matrix,
also fails to obtain a nonlinear dynamic inversion. To solve the
aforementioned difficulties, a dual-controller approach to the three-
dimensional autonomous formation control has been developed in
this study. The simulation results were provided to demonstrate the
excellent performance of the proposed approach.
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There are several problems that remain to be explored. First, an
integrated architecture for the autonomous formation flight of mul-
tiple aircraft is desirable. In such an integrated architecture, both
the formation geometry control and aircraft aeronautical dynam-
ics will be incorporated. Second, modelling and influence of vortex
forces existing in the close-formation flight should be considered
carefully. Further studies related to aircraft aeronautical dynamics
under vortex forces resulted from a specific formation geometry are
necessary. Finally, it should be one object of ongoing research to
find an optimal criterion for the design parameter choice of the con-
trollers under consideration of real-world aircraft aeronautics and
formation geometry control.

Appendix A: Structure Algorithm

A brief introduction to the structure algorithm is given in the
following. For the details the reader is referred to Refs. 19-22.

Given a smooth nonlinear affine control system with a singular
decoupling matrix,

x* =f(x) +g)u, y=h() (AD

where xe MCR”, M is a real analytic manifold, y=(y,...,
) ERP, w=(uy, ... u,)" €R™. f(x), gx)=(g,(x),...,
g,,(x)) are smooth vector fields, and h(x) = (h(x),..., h p(x))T
is a smooth vector function defined on an open set of M.

The nonlinear inverse of system (A1) is constructed by differen-
tiating the output y a sufficient number of times until a nonsingular
decoupling matrix is obtained. Beginning with system (A1), we ob-
tain anew system through differentiating the output y and permuting
the components so that the first 7 := Rank[L ,k(x)] are independent
while zeroing the last p —r; rows with E!(x) and E?(x), respec-
tively. Let M; denote an open and dense submanifold of M:

System 1:

i =f(x) +g®u, x €M,
71 =¢1(x) + D (¥)u (A2)

where

= E(0E|(x)y

= EX(x)E} (%)L h(x) + L h(x)u]

¢ (x) = [e1(x), &;@)]", Di(x) = [D:(x), 0]"
r1 = Rank[D (x)]
2= G2, 7 €R, Z eRPTN
z1 = & (x) + D, (), 21 = ¢ (%)

System 2: Let y'V) € Y; =R” and set M x Y} ={(x, V) e M; x

Y, |Rank[D; (x, yV)] =r,}. Assume that M, is an open dense sub-
manifold of M. Differentiate z; and make the similar permuting
and reordering as well as zeroing steps to obtain the system 2 as
follows:

x =fx) +gx)u, 22 = ¢2(x) + Dar(x)u (A3)

where

M, C Mj, Y} C v,
E3(x)E}(x)Z;

= E;(0)E}(0)(@ +2)"

e (x) = [6(), &)1, Dy(x) = [Dy(x), 0]"

r» = Rank[D,(x)]
2= (2, 2), Z €R2, 2, e RPT12
Z = &(x) + Dy (x)u, 2 =& (%)

in which E; (x) and E2 5(x) denote the permutation matrix and row
zeroing matrices, respectlvely

System k: This algorithm can be continued in the similar way
as used for obtaining system 2. It is straightforward to obtain the
system k of the following form:

x =[x +gx)u, Z; = ¢ (x) + D (x)u (Ad)

where
[y, oy P ]eMe x YT x v x vy
% = Ef(0)E) (x)z;_
= E{(0E ()G 1+ )
e (x) = [ (), &@)]", Dy (x) = [D(x), 0]"
e = Rank[Dy (x)]
=@, 2", Zr € R, Zy € RPTTH
Z = & (x) + D (0)u, 2k = 6 (%)

where E! () and E (x) denote the permutation matrix and row ze-
roing matrices, respectlvely The structure algorithm produces a se-
quence of nonnegative integers r; that satisfy 0 <r; <r, < --- <m.
The relative order o of system (A1) is the least positive integer k*
such that ry+ < min(m, p) or = oo if the procedure runs for infi-
nite steps. The relative order « indicates the highest-order derivative
required to derive the inverse.
Appendix B: Symbols

2 2

a1 = v + &))x; — (@) yi — (09) v + Iz,
2 2 0
+ a)3D* sec? Y + I:(a)g) X + (a)g) Xii — w?a)zyri - w?a)gzri]
gl 0 0

x tan Yy — DY sec” ¥y (wl cos Y + w, sin wﬂ) tan 6y

1
31 = —g sec’ Yy sec? O [ —40dvg — 20909, + 49y

+ Z(w?)zzri — 4(a)g)22,i + Zw?(—a)gxri + w?zri) cos(2yr;)
+2a{D* cos(Yri — 265) — 0l @3xy; cos[2(Wri — Bii)

+ (@9) 24 coS[2(Wrs — 6)] + 4y cos(265)

— Zw?ng,; cos(26;) — 4a)gwg Vi €08(26,)

+ Z(w(l))zzri cos(26;) + 4(a)g)22,i cos(26,)

— o cos2( + 0] + (2) 245 cosl2(Prs + )]
+ 20909 cos(Yri + 261) — 2(2)’ v cos (i + 261)
+ 2093z, cos(Wri + 26, + 2o sin(2yr)

-2V a)3yr, sin(2yr;) + 20 a)zzr, sin(2y;;)
—2(ef) s sin(W — 263) — 2()) s sin(Wrs — 26,)
+ 2000y sin(Pr; — 205) + 20’ @iz sin(Yy — 265)
+a) vo sin[2(Yry; — 64) a)(l)a)gy,, sin[2(Yy — 65)

+ @@z, sin[2(Yi — 0)] + @vo sin[2(Y + 651)]
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— @3y SIN2(Yii + 0)] + 0] @)z SIn[2(Ys + 6r)]
0\2. . 0\2. .
+2(@9) i sin( + 26) + 2(3) v sin(¥r + 265)
~ 20l sin(is + 265) — 20z sin(y + 26 |
D = —vp + @y — 9z
* __ 0 0 -
D5 = vg — w3y + w24 + 1
dyy =1 {—wg cos Y cos O + 13[—3 + cos(2yr1)]
X c0s(6;) sec(Yy) — 2 sin b (w? + a)g tan Wri) }
dy = sec’yry; sec B sin ¢iD;

dyz = sec? Yy sec B cos ¢y D3

By
I

3 {ng COS Yy COS By + ) seC Yy sec Oy — cos Oy sec Y [a)g
+ a)(l) sin(Zwri)] + 2wg sin 6, tan V; + a)g sec Y, sin 6y tan Ori}
dszy = — sec Yy sec 0 (Cos @y sec Oy + sin ¢y tan ¥y tan 6,) D
dy; = sec? (/" sec? 6y (cos Yry; sin ¢ — COS ¢y 8in Yy 8in O5) D
dy, = { COS ¢y (wg CoS Yy — a)? sin 1//ri)
+ sin ¢y [wg cosb; + (w(l) cos Y + a)g sin w,i) sin Qﬁ] } /D;‘

dy, = [cos Yn; cos 6;;(cos Vi Sin ¢y — €OS ¢y; sin Yy sin 6] / D}

o
d23

—COS ¢y; COS Yy COS> Gri/D;
dj, = { sin ¢y (—a)‘zJ cos Yri + @ sin 1//ri)

+ cos ¢y [a)g cos 6 + (a)? cos Yy + wg sin ¢ri) sin Hri] } /D;
d3, = c08 Y COs 6y (COS ¢y COS Vi + sin ¢y sin Yy sin 6y) / Dj

d3yy = cos Yy cos? 0, sin ¢y / D3

Hy = sec [a)g sec Yy + (w? + w(z) tan w,i) tan Gri]

Hi = —g sec? Yy sec? G,i{6wg + 209 cos(2¢yi)
+ 23 cos (i — 265) + @) cos[2(Yi — 6] — 20 cos(26,)
+ @ cos[2(Yi + 6:)] — 20 cos(ri + 2655) — 207 sin(2yry)
— o) sin2(Ys — 0)] — @) sin[2(Yri + 6:)1}
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